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Abstract 


The pair (Gy,-) is called a special loop if (G,-) is a loop with an arbitrary subloop 
(H,-) called its special subloop. A special loop (Gy, -) is called a second Smarandache 
Bol loop(SgnaBL) if and only if it obeys the second Smarandache Bol identity (xs-z)s = 
x(sz-s) for all z,z in G and s in H. The popularly known and well studied class of 
loops called Bol loops fall into this class and so SjnaBLs generalize Bol loops. The 
Smarandache isotopy of SgnaBLs is introduced and studied for the first time. It is 
shown that every Smarandache isotope(S-isotope) of a special loop is Smarandache 
isomorphic(S-isomorphic) to a S-principal isotope of the special loop. It is established 
that every special loop that is S-isotopic to a SonaBL is itself a Sona BL. A special loop is 
called a Smarandache G-special loop(SGS-loop) if and only if every special loop that is 
S-isotopic to it is S-isomorphic to it. A SonaBL is shown to be a SGS-loop if and only if 
each element of its special subloop is a S;st companion for a 51st pseudo-automorphism 
of the SonaBL. The results in this work generalize the results on the isotopy of Bol 
loops as can be found in the Ph.D. thesis of D. A. Robinson. 


1 Introduction 


The study of the Smarandache concept in groupoids was initiated by W. B. Vasantha Kan- 
dasamy in [24]. In her book [22] and first paper [23] on Smarandache concept in loops, 
she defined a Smarandache loop(S-loop) as a loop with at least a subloop which forms a 
subgroup under the binary operation of the loop. The present author has contributed to 
the study of S-quasigroups and S-loops in [5, 6, 7, 8, 9, 10, 11, 12] by introducing some new 
concepts immediately after the works of Muktibodh [15, 16]. His recent monograph [14] gives 
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inter-relationships and connections between and among the various Smarandache concepts 
and notions that have been developed in the aforementioned papers. 

But in the quest of developing the concept of Smarandache quasigroups and loops into 
a theory of its own just as in quasigroups and loop theory(see [1, 2, 3, 4, 17, 22]), there 
is the need to introduce identities for types and varieties of Smarandache quasigroups and 
loops. This led Jaiyéola [13] to the introduction of second Smarandache Bol loop(S naBL) 
described by the second Smarandache Bol identity (xs - z)s = x(sz-s) for all 2, z in G and 
s in H where the pair (Gy,-) is called a special loop if (G,-) is a loop with an arbitrary 
subloop (H,-). For now, a Smarandache loop or Smarandache quasigroup will be called a 
first Smarandache loop(S;st-loop) or first Smarandache quasigroup(S;s-quasigroup). 

Let L be anon-empty set. Define a binary operation (-) on L: ifa-y € L for all z,y € L, 
(L,-) is called a groupoid. If the system of equations ; a- x = b and y-a = b have unique 
solutions for x and y respectively, then (L,-) is called a quasigroup. For each x € L, the 
elements x? = rJp,x* = rJy € L such that xx? = e? and rz = e” are called the right, left 
inverses of x respectively. Furthermore, if there exists a unique element e = e, = e, in L 
called the identity element such that for all x in L, r-e =e-x =z, (L,-) is called a loop. 
We write xy instead of x-y, and stipulate that - has lower priority than juxtaposition among 
factors to be multiplied. For instance, x - yz stands for x(yz). A loop is called a right Bol 
loop(Bol loop in short) if and only if it obeys the identity 


(cy -z)y = x(yz-y). 


This class of loops was the first to catch the attention of loop theorists and the first com- 
prehensive study of this class of loops was carried out by Robinson [19]. 

The popularly known and well studied class of loops called Bol loops fall into the class of 
Sena BLs and so Sana BLs generalize Bol loops. The aim of this work is to introduce and study 
for the first time, the Smarandache isotopy of SonaBLs. It is shown that every Smarandache 
isotope(S-isotope) of a special loop is Smarandache isomorphic(S-isomorphic) to a S-principal 
isotope of the special loop. It is established that every special loop that is S-isotopic to a 
Sona BL is itself a SgnaBL. A SonaBL is shown to be a Smarandache G-special loop if and only 
if each element of its special subloop is a Sjs: companion for a js: pseudo-automorphism of 
the SonaBL. The results in this work generalize the results on the isotopy of Bol loops as can 
be found in the Ph.D. thesis of D. A. Robinson. 


2 Preliminaries 


Definition 2.1 Let (G,-) be a quasigroup with an arbitrary non-trivial subquasigroup (H,-). 
Then, (Gy,-) is called a special quasigroup with special subquasigroup (H,-). If (G,-) is a 
loop with an arbitrary non-trivial subloop (H,-). Then, (Gy,-) ts called a special loop with 
special subloop (H,-). If (H,-) is of exponent 2, then (Gy,-) is called a special loop of 
Smarandache exponent 2. 

A special quasigroup (Gy,-) is called a second Smarandache right Bol quasigroup(Sgna- 
right Bol quasigroup) or simply a second Smarandache Bol quasigroup(Sgna-Bol quasigroup ) 


and abbreviated SynaRBQ or SonBQ if and only if it obeys the second Smarandache Bol 
identity (Sgna-Bol identity) t.€ Syna BI 


(xs-z)s =2(sz-s) forallz,z€G ands e€ H. (1) 


Hence, if (Gy,-) is a special loop, and it obeys the SgnaBI, it is called a second Smarandache 
Bol loop(Sgna-Bol loop) and abbreviated SynaBL. 


Remark 2.1 A Smarandache Bol loop(i.e a loop with at least a non-trivial subloop that is 
a Bol loop) will now be called a first Smarandache Bol loop(Ss-Bol loop). It is easy to see 
that a SynaBL is a S\«BL. But the converse is not generally true. So SynaBLs are particular 
types of Sis BL. Their study can be used to generalise existing results in the theory of Bol 
loops by simply forcing H to be equal to G. 


Definition 2.2 Let (G,-) be a quasigroup(loop). It is called a right inverse property quasi- 
group(loop)[RIPQ(RIPL)/] if and only if it obeys the right inverse property(RIP) yx- x? = y 
for allxz,y € G. Similarly, it is called a left inverse property quasigroup (loop) [LIPQ(LIPL)] 
if and only if it obeys the left inverse property(LIP) x. xy = y for all x,y € G. Hence, it 
is called an inverse property quasigroup(loop)/IPQ(IPL)] if and only if it obeys both the RIP 
and LIP. 

(G,-) is called a right alternative property quasigroup(loop)[RAPQ(RAPL)] if and only 
if it obeys the right alternative property(RAP) y- «x = yx- ax for allz,y € G. Similarly, 
it is called a left alternative property quasigroup(loop)/LAPQ(LAPL)] if and only if it obeys 
the left alternative property(LAP) xx-y = «- ay for all x,y € G. Hence, it is called an 
alternative property quasigroup(loop)[APQ(APL)]/ if and only if it obeys both the RAP and 
LAP. 

The bijection Ly : G — G defined as yl, = x-y for all x,y € G is called a left 
translation(multiplication) of G while the bijection R, : G — G defined as yR, = y- «x for 
all x,y € G is called a right translation(multiplication) of G. Let 


a\y = yLy' = ye and y= oR = 5 


Aa 
< 


and note that 


Co S32 ae ZS y and A ay Ae a ee 


The operations \ and / are called the left and right divisions respectively. We stipulate that 
/ and \ have higher priority than - among factors to be multiplied. For instance, x-y/z and 
x-y\z stand for x(y/z) and x- (y\z) respectively. 

(G,-) is said to be a right power alternative property loop(RPAPL) if and only if it obeys 
the right power alternative property(RPAP) 


ry” = (((xy)y)y)ys-+y te. Ryn = Ry for allx,y eG andne Z. 
eS 


n-times 


The right nucleus of G' denoted by N,(G,-:) = N,(G) ={a€G:y-ca=yr-aV x,y € Gh. 
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Let (Gy,-) be a special quasigroup(loop). It is called a second Smarandache right inverse 
property quasigroup (loop) [SynaRIPQ(SgnaRIPL)] if and only if it obeys the second Smaran- 
dache right inverse property(SgnRIP) ys: s° = y for ally € G ands € H. Similarly, it 
is called a second Smarandache left inverse property quasigroup (loop )[SgnaLIPQ(SgnaLIPL)] 
if and only if it obeys the second Smarandache left inverse property(SynaLIP) s*- sy = y 
for ally € G ands € H. Hence, it is called a second Smarandache inverse property 
quasigroup (loop )[SgnaIPQ(SgnaIPL)/ if and only if it obeys both the SgnaRIP and SynaLIP. 

(Gu,:) 1s called a third Smarandache right inverse property 
quasigroup (loop )[S3aRIPQ(S3aRIPL)] if and only if it obeys the third Smarandache 
right inverse property(S3rRIP) sy-y? =s forally€G ands € H. 

(Gy,:) is called a _ second Smarandache right alternative property 
quasigroup (loop) [SynaRAPQ(SgnaRAPL)/ if and only if it obeys the second Smarandache right 
alternative property(SynaRAP) y-ss=ys-s for ally €G ands € H. Similarly, it is called 
a second Smarandache left alternative property quasigroup (loop) [SynaLAPQ(SgnaLAPL)/] if 
and only if it obeys the second Smarandache left alternative property(SgnaLAP) ss-y = s+ sy 
for ally € G ands € H. Hence, it is called an second Smarandache alternative property 
quasigroup (loop) [Syna APQ (Sgn APL)/ if and only if it obeys both the SynaRAP and SgnaLAP. 

(Gy,-) is said to be a Smarandache right power alternative property loop(SRPAPL) if 
and only if it obeys the Smarandache right power alternative property(SRPAP) 


xs” = (((as)s)s)s---s te. Ron = RO forallx eG, s€ H andne€ Z. 
e—_ 


n-times 


The Smarandache right nucleus of Gy denoted by SN,(Gu,-) =SN,(Gu) = N,(G)N4. 
Gy ts called a Smarandache right nuclear square special loop if and only if s* € SN,(Gu) 
for alls € H. 


Remark 2.2 A Smarandache; RIPQ or LIPQ or IPQ(i.e a loop with at least a non-trivial 
subquasigroup that is a RIPQ or LIPQ or IPQ) will now be called a first Smarandache; RIPQ 
or LIPQ or IPQ(Si«RIPQ or S\«LIPQ or S «IPQ ). It is easy to see that a SonaRIPQ or 
SonaLIPQ or SonaIPQ is a S1sRIPQ or S,*LIPQ or SsIPQ respectively. But the converse 
is not generally true. 


Definition 2.3 Let (G,-) be a quasigroup(loop). The set SY M(G,-) = SYM(G) of all 
bijections in G forms a group called the permutation(symmetric) group of G. The triple 
(U,V,W) such that U,V,W € SY M(G,-) is called an autotopism of G if and only if 


wU-yW =(4-yWV 2,yeG. 


The group of autotopisms of G is denoted by AUT(G,-) = AUT(G). 

Let (Gu,-) be a special quasigroup(loop). The set SSY M(Gy,-) = SSY M(Gz) of all 
Smarandache bijections(S-bijections) in Gy i.e A € SYM(Gzy) such that A : H > H 
forms a group called the Smarandache permutation(symmetric) group[S-permutation group] 


of Gy. The triple (U,V,W) such that U,V,W € SSY M(Gy,-) is called a first Smarandache 
autotopism(S\s autotopism) of Gy if and only if 


wU-y =(x4-yWV 2,y € Guy. 


If their set forms a group under componentwise multiplication, it is called the first Smaran- 
dache autotopism group(Ss autotopism group) of Gy and is denoted by S,s«AUT(Gy,-) = 
Sit AUT (Gy). 

The triple (U,V,W) such that U,W € SY M(G,-) and V € SSYM(Gy,-) ts called a 
second right Smarandache autotopism(Sgna right autotopism) of Gy if and only if 


rU-sV=(4-s)WVaxeGandse€ H. 


If their set forms a group under componentwise multiplication, it is called the second 
right Smarandache autotopism group(Sgna right autotopism group) of Gy and is denoted 
by SontRAUT (Gr, -) — SontRAUT (Gy). 

The triple (U,V,W) such that V,W € SYM(G,-) and U € SSYM(Gzy,-) is called a 
second left Smarandache autotopism(Sgna left autotopism) of Gy if and only if 


sU-y =(s-y)WVyeG ands € H. 


If their set forms a group under componentwise multiplication, it is called the second 
left Smarandache autotopism group(Sgna left autotopism group) of Gy and is denoted by 
SonaL AUT (Gy, +) = Syna LAUT (Gy). 

Let (Gy,-) be a special quasigroup(loop) with identity element e. A mapping T € 
SSY M(Gy) is called a first Smarandache semi-automorphism(S,s semi-automorphism) if 
and only if eT =e and 


(cy-x)T = (aT -yT)aT for all x,y € G. 


A mapping T € SSY M(Gzy) is called a second Smarandache semi-automorphism(Sgna 
semi-automorphism) if and only if eT =e and 


(sy: s)T = (sT-yT)sT for ally € G and all s € H. 


A special loop (Gy,-) is called a first Smarandache semi-automorphic inverse property 
loop(S;sSAIPL) if and only if J, is a Sys semi-automorphism. 

A special loop (Gy,-) is called a second Smarandache semi-automorphic inverse property 
loop(SynaSAIPL) if and only if J, is @ Sgna semi-automorphism. 

Let (Gy,-) be a special quasigroup(loop). A mapping AE SSY M(Gz) is a 


1. first Smarandache pseudo-automorphism(S\s pseudo-automorphism) of Gy if and only 
if there exists ac € H such that (A, AR., AR.) € S,sAUT(Gzy). c is reffered to as the 
first Smarandache companion(S,s: companion) of A. The set of such A’s is denoted by 
S\PAUT(Gy,-) = SisPAUT(Gy). 


2. second right Smarandache pseudo-automorphism(Sna right pseudo-automorphism) of 
Gy if and only if there exists ac € H such that (A, AR., AR.) € SynRAUT(Gy). c 
is reffered to as the second right Smarandache companion(Sgna right companion) of A. 
The set of such A’s is denoted by SynaRPAUT(Gy,-) = SynaRPAUT (Gy). 


3. second left Smarandache pseudo-automorphism(Sgna left pseudo-automorphism) of Gy 
if and only if there exists ac € H such that (A, AR., AR.) € SgnaLAUT (Gy). c is 
reffered to as the second left Smarandache companion(Sgna left companion) of A. The 
set of such A’s is denoted by SgnaLPAUT (Gy, -) = SgnaLPAUT (Gy). 


Let (Gy,-) be a special loop. A mapping A€ SSY M(Gy) is a 


1. first Smarandache automorphism(S,s: automorphism) of Gy if and only if A € 
Sjt«PAUT(Gy) such that c = e. Their set is denoted by S\«AUM(Gu,:) = 
Sis AU M(Ga). 


2. second right Smarandache automorphism(Syna right automorphism) of Gy if and only 
if A © SonaRPAUT (Gy) such that c =e. Their set is denoted by SynaRAU M(Gy,-) = 


3. second left Smarandache automorphism(Sgna left automorphism) of Gy if and only if 
A € SynaLPAUT(Gy) such that c =e. Their set is denoted by SynaLAUM(Guy,-) = 
SonaLAU M (Gy). 


A special loop (Gy,-) is called a first Smarandache automorphism inverse property 
loop(S;sAIPL) if and only if (Jp, Jp, Jp) € AUT (H,-). 

A special loop (Gy,-) is called a second Smarandache right automorphic inverse property 
loop(SgnaRAIPL) if and only if J, 1s @ Syna right automorphism. 

A special loop (Gy,-) is called a second Smarandache left automorphic inverse property 
loop(SynaLAIPL) if and only if Jp is a Sgna left automorphism. 


Definition 2.4 Let (G,-) and (L,o) be quasigroups(loops). The triple (U,V,W) such that 
U,V,W :G—L are bijections is called an isotopism of G onto L if and only af 


wUoy =(r4-yWV 2,yeG. (2) 


Let (Gy,-) and (Lyz,°) be special groupoids. Gy and Ly are Smarandache isotopic(S- 
isotopic)/and we say (Lu,°) is a Smarandache isotope of (Gu,-)/ if and only if there exist 
bijections U,V,W : H — M such that the triple (U,V,W) : (Guy,-) — (Lu,°) is an 
isotopism. In addition, if U = V = W, then (Gy,-) and (Ly,°) are said to be Smarandache 
isomorphic(S-isomorphic)/and we say (Ly,°) is a Smarandache isomorph of (Gy,-) and 
thus write (Gu,-) = (Lu, °)./. 

(Gu, -) is called a Smarandache G-special loop(SGS-loop) if and only if every special loop 
that is S-isotopic to (Gy,-) is S-isomorphic to (Gy,-). 


Theorem 2.1 (Jatyéola [13]) 
Let the special loop (Gy,-) be @ SgnaBL. Then it is both a SgnaRIPL and a SynaRAPL. 
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Theorem 2.2 (Jatyéold [13]) 
Let (Gy,-) be a special loop. (Gy,-) is a SgnaBL if and only if (Rz1,L;Rs,Rs) € 
SAU T (Gar): 


3 Main Results 

Lemma 3.1 Let (Gy,-) be a special quasigroup and let s,t € H. For all x,y € G, let 
xoy =aRy}- yz). (3) 

Then, (Gy,°) is a special loop and so (Gy,-) and (Gy,°) are S-isotopic. 


Proof 

It is easy to show that (Gy, 0) is a quasigroup with a subquasigroup (H,o) since (Gy,-) is 
a special quasigroup. So, (Gy, 0°) is a special quasigroup. It is also easy to see that s-t € H 
is the identity element of (Gy,0). Thus, (Gy,°) is a special loop. With U = R;, V = L, 
and W = J, the triple (U,V,W) : (Gu,-) — (Gu, °) is an S-isotopism. 


Remark 3.1 (Gy,°) will be called a Smarandache principal isotopism(S-principal iso- 
topism) of (Guy,-). 


Theorem 3.1 [f the special quasigroup (Gy,-) and special loop (Lyz,°) are S-isotopic, then 
(Lyz,°) is S-isomorphic to a S-principal isotope of (Gy,-). 


Proof 
Let e be the identity element of the special loop (Liyy,0). Let U, V and W be 1-1 S-mappings 
of Gy onto Ly such that 


tUoyV =(4-wWWV 2,ye Guy. 
Let t= eV—! and s = eU~!. Define x + y for all x,y € Gy by 
x*ey =(xW oyW)W. (4) 
From (2), with x and y replaced by rxWU~! and yWV~! respectively, we get 
(cW oyW)W' =2WU!-yWV"'V 2,y € Gu. (5) 


In (5), with z = eW-1, we get WV-! = Lz! and with y = eW—!, we get WU-! = R;7". 
Hence, from (4) and (5), 


x*y=a2R,'-yLy' and (x*y)W =2WoyWV 2,y € Gx. 


That is, (Gy, *) is a S-principal isotope of (Gy,-) and is S-isomorphic to (Ly, 0°). 


Theorem 3.2 Let (Gy,-) be a@ SgnaRIPL. Let f,g € H and let (Gy,°) be a S-principal 
isotope of (Gu,-). (Gu,°) i8 a SonaRIPL if and only if a(f,g) = (Rg, LyRz'L;4, Rj!) € 
SontRAUT(Gy,-) for all f,g € H. 


Proof 

Let (Gy,-) be a special loop that has the SgnaRIP and let f,g € H. For all x,y € G, define 
roy = on . yL;* as in (3). Recall that f -g is the identity in (Gy,0), so rox? = f-g 
where rJ) = x i.e the right identity element of x in (Gy,0). Then, for all 2 € G, roa” = 
ee aJ,L5" = f-g and by the SjaRIP of (Gy, -), since She esd bs = f-gforalls € H, 
then sR>* = (f-g)- (sI,L5") Jp because (H,-) has the RIP. Thus, 


sRy* = sJLL; IpLpg => 8J, = sR, L5G J.Ly. (6) 


(Giz, 0) has the SynaRIP iff (ros)osJ), = s for alls € H, x € Gy iff (@R7'-sL;')Rj'-sJ,L;* = 
x, for alls € H, x € Gy. Replace x by x-g and s by f-s, then (x-s)Rz*-(f-s)J,L5" = rG 
iff («-s)R7' = (a-g)-(f- Bled for all s € H, x € Gy since (Gy, -) has the SgnaRIP. 
Using (6), 


(x-s)Rj' = aR, -(f-s)Ry'Ly, @ (w-s)Rj' =a2R,- sLyR,'L7, © 


a(f,g) = (Ry, LpRj'L;,, R7') € SonaRAUT (Gu, -) for all f,g € H. 
Theorem 3.3 I[f a special loop (Gy,-) is a SgnaBL, then any of its S-isotopes is a@ SynaRIPL. 


Proof 

By virtue of Theorem 3.1, we need only to concern ourselves with the S-principal isotopes of 
(Gu,-). (Guy,-) is a Sona BL iff it obeys the SonaBI iff (ws- z)s = x(sz-s) for all x,z € G and 
s€H iff L,,.R, = L,R,L, for alla € Gand s € A iff R7'L,) = Ly'Rz'L,' for alla eG 
and s € H iff 


Ry'Ly = L,R,'L;z, for all z € G and s € H. (7) 
Assume that (Gy,-) is a SgnaBL. Then, by Theorem 2.2, 


(R,', £,Rs, Rs) € Sis AUT(Guy,-) > (R,', L.Rs,Rs) € SoaRAUT(Gu,-) > 


(Ro*, baby, Ro) = (Re RLS Rs), ] Sag RAUT (Gy; 5); 
By (7), a(z,s) = (Rs, LaRy'Lzl, Ry+) € SonaRAUT(Gy,-) for all f,g € H. But (Gy, -) has 


ws?) 


the SonaRIP by Theorem 2.1. So, following Theorem 3.2, all special loops that are S-isotopic 
to (Gy,-) are SgnaRIPLs. 


Theorem 3.4 Suppose that each special loop that is S-isotopic to (Gy,-) is a SgnaRIPL, 
then the identities: 


1. (f9)\f = (@9)\2; 


2. g\(sg-") = (f9)\I(F8) 9") 
are satisfied for all f,g,s © H andx eG. 


Proof 
In particular, (Gy,-) has the SgnaRIP. Then by Theorem 3.1, a(f,g) = 
(Ry, LpRy'L74, Rz*) € Sona RAUT(Gy,-) for all f,g € H. Let 
Y= LR,’ lL; y (8) 
Then, 
EG23Y = (xs) Rot. (9) 
Put s = g in (9), then ag- gY = (xg)R;! =x. But, gY = gLsRj'L;, = (f9)\\(f9)g7] = 


(f9)\f. So, xg: (f9)\f = « = (f9)\f = (29)\e. 
Put x = e in (9), then sYL, = sRj' > sY = sRj'L;>*. So, combining this with (8), 


sR;'L;' = sLsR,'L;7, > 9\(sg*) = (fa) \U(fs)g 74). 
Theorem 3.5 Every special loop that is S-isotopic to a SynaBL 1s itself a Sona BL. 


Proof 

Let (Gy,°) be a special loop that is S-isotopic to an SyaBL (Gy,-). Assume that x-y = 
raoyZ where a,3 : H — H. Then the SyaBI can be written in terms of (0) as follows. 
(xs-z)s = 2(sz-s) forallz,z€Gandse H. 


[(rao sB)ao zBlao s3 =2ra0 |[(sao zB)ao sfB. (10) 
Replace xa by %, s@ by § and z@ by Z, then 
[(Zos)ac Zac =Fo([(58 1acozZ)aoaglf. (11) 
If z = e, then 
(Sa0Z)aos= [(S8'aoZ)aoa3lf. (12) 


Substituting (12) into the RHS of (11) and replacing 7, 5 and Z by z, s and z respectively, 
we have 
[(w4o sjaczljaos=20 [(saoz)aos}. (13) 


With s =e, (ra0z)a=20(eaoz)a. Let (eao z)a = 26, where 6 € SSY M(Gy). Then, 
(zaoz)a = x0 26. (14) 
Applying (14), then (13) to the expression [(x 0 s) o zd] 0 s, that is 
[(x2os)ozd])os=|(xros)aozjaos=20|(saozjaos|=20 [(s0 zd) os}. 


implies 
[(x4o s)ozd]os=20[(s0 zd) 05]. 


Replace zd by z, then 


[(w2os)ozjos=2ro[(soz)os]. 


Theorem 3.6 Let (Gy,-) be @ SgnaBL. Each special loop that is S-isotopic to (Gy,-) is S- 
isomorphic to a S-principal isotope (Gy,°) where xoy = «Ry - y Ls" for all x,y € G and 
some f € H. 


Proof 

Let e be the identity element of (Gy,-). Let (Gy,*) be any S-principal isotope of (Gz, -) 
say x*y = 2R,!-yL;' for all x,y € G and some u,v € H. Let e’ be the identity element 
of (Gy, *). That is, e’ = u-v. Now, define x * y by 


roy = [(re’) * (ye’)Je’"' for all z,y € G. 


Then R. is an S-isomorphism of (Gy,°) onto (Gy, *). Observe that e is also the identity 
element for (Gy7,0) and since (Gy, -) is a SgnaBL, 


(pe’)(e’-*q- e’") = pq- e’" for all p,q € G. (15) 
So, using (15), 
roy = |(re’) « (ye’)Je* = [eRe R,'-yReLy'le! = a@Re Ry Re -yReLy Lea Rea 
implies that 
poy =¢A<9R, A=Rok Ry and. BHhyl, Lea heu, (16) 


Let f = eA. then, y= eoy=eA-yB=f-yB foraly¢€G. So, B= Le In fact, 
eB = fe=f-l. Then, x =r0e=2A-eB=2A: f forall x € G implies rf = (@A- f-")f 
implies xf = xA(SgnaRIP) implies A = Ry. Now, (16) becomes roy = «Ry -y Ly’ 


Theorem 3.7 Let (Gy,-) be @ SgnaBL with the SynaRAIP or SynaLAIP, let f € H and let 
poy Sry y Ls" for allz,y €G. Then (Gy,°) is a S\sAIPL if and only if f € N)(H,-). 


Proof 
Since (Gy,-) is a SonaBL, J = Jy = J, in (H,-). Using (6) with g = ft, 


s Ji, = sRyJLy. (17) 
(Gz, 0) is a SyAIPL iff (vo y)J, =aJ) oyJ) for all z,y € A iff 
(cRp- yLs") J, =aJRy- y IL. (18) 


Let + = uk; and y = vLy and use (16), then (18) becomes (wv) Re J Lp = uJ LyRyp-vL Rye J 
if a= (JL;R;, Le Red, R,;JLs) E AUT (H,-:). Since (Gu, :) is a Sst AIPL, sO (J, Ji J) € 
AUT(H,:). So, a € AUT(H,-) @ 8 =a(J, J, J)(Rp4, LyaRy-, Rp) € AUT(H,-). Since 
(Gu, -) is a SonaBL, 

aLbsRyLyaRsg = [f-'(fe-f\lf = (ff -2)flf" = « for all c ¢ G. That is, 
LyRyLy-Ryz-1 = I in (Gu,-). Also, since J € AUM(H,-), then Re J = JRy-1 and Ly J = 
IL ya in (H,-). So, 
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B= (JLsReIR L, Lp Ry PLyaRya, Re JL s IR sa) = 


(JLpIRy-Rpi,, Lp Rp LpaRya, RpLyaRy) = (Lyn, I, Rp Lp Ryn). 
Hence, (Gy, 0°) is a Sys AIPL iff G € AUT (H,.-). 

Now, assume that @ € AUT(H,-). Then , eLy-1-y = (ay) RpLy-Ry-: for all x,y € HA. 
For Y= 6, Ly 1 = RyLy iRy 1 in (H,-). so, B = (Lyp-1, I, Lz-1) ‘S AUT (H,-) > ba € 
N,(H,-) > f € N,(H,,)- 

On the other hand, if f € N)(H,-), then, y = (Ly,J,L;) € AUT(H,-). But f € 
N(H, +) > Ly! = Ly = Re Ly-+Ry- in (H,-). Hence, 6 = y! and 6 € AUT(H,.). 


Corollary 3.1 Let (Gy,-) be a@ SgnaBL and a $,sAIPL. Then, for any special loop (Gy, °) 
that is S-isotopic to (Gu,-), (Gx,0°) is a SisAIPL iff (Gy,-) is a Sist-loop and a Sis: com- 
mutative loop. 


Proof 
Suppose every special loop that is S-isotopic to (Gy,-) is a Sys AIPL. Then, f € N)(H,-) 
for all f € H by Theorem 3.7. So, (Gx, -) is a Syst-loop. Then, y~'z7! = (ry)7t = aty! 
for all x,y € H. So, (Gy,-) is a Syse commutative loop. 

The proof of the converse is as follows. If (Gy,-) is a Syst-loop and a S js: commutative 
loop, then for all z,y € H such that coy = aR, - yL5", 


(roy)oz= (aR; yL;')Ry- 2L5' = (af - f'y)f - fo'z. 
£O(YO?) = Fhe Yh p 2L7")L5" Sep fier 2 
So, (roy)oz=x20(yoz). Thus, (H,°) is a group. Furthermore, 


coySaRp yb Sef ef Yor ya rays eS yoe: 
So, (H, 0) is commutative and so has the AIP. Therefore, (Gy, 0) is a Syse AIPL. 


Lemma 3.2 Let (Gy,-) be @ SgnaBL. Then, every special loop that is S-isotopic to (Gy, -) 
is S-isomorphic to (Gy,-) if and only if (Gy,-) obeys the identity (x- fg)g-'- f\(y- fg) = 
(xy) - (fg) for all x,y € Gy and f,g € H. 


Proof o 
fg 
Let (Gy,°) be an arbitrary S-principal isotope of (Gy,-). It is claimed that (Gy,-) = 


(Giz, °) iff eRygoyRyg = (a y)Ryy iff (w@- fg) RZ" - (y- fg)L5" =(x-y)Ryeg iff (x- fg)g* - 
f\(y- fg) = (xy): (fg) for all 2, y € Gy and f,g € H. 


Theorem 3.8 Let (Guy,-) be a SynBL, let f € H, and let roy = aRe-yLz" for allz,y EG. 
Then, (Gu,-) = (Gu,°) if and only if there exists a Sis pseudo-automorphism of (Gu, -) 
with Ss companion f. 


ala 


Proof 
(Gu,:) = (Gu, °) if and only if there exists T € SSY M(Gy,-) such that xT oyT = (x-y)T 
for all z,y € G iff eT R, - yTL;* = (x-y)T for all z,y € G ifa = (T'R;,TL;',T) € 
Sis AUT (Gy). 

Recall that by Theorem 2.2, (G'y,-) is a SgnaBL iff Ce LyRyz, Rp) € Six AUT (Ga, -) for 
each f € H. So, 


Qae Ss AUT (Gy) => 16s = a(R;*, Ly Ry, Rp) = 
(a, TR;,TRy) — Sj AUT (Gy, -) STe Sys PAUT (Gz) 


with S;s: companion f. 


Corollary 3.2 Let (Gu,-) be a SyuaBL, let f € H and let roy = aRp-yLy" for allz,y € Gy. 
If f € N,(H, ‘), then, (Gu,-) a (Gy, °). 


Proof 
Following Theorem 3.8, f € N,(H,-) > TSis PAUT (Gy) with Sjs: companion f. 


Corollary 3.3 Let (Gy,-) be a SgnaBL. Then, every special loop that is S-isotopic to (Gy, -) 
is S-isomorphic to (Gy,-) if and only if each element of H is a Ss companion for a Sis 
pseudo-automorphism of (Gu,-). 


Proof 
This follows from Theorem 3.6 and Theorem 3.8. 


Corollary 3.4 Let (Gy,-) be @ SynaBL. Then, (Gy,-) is a SGS-loop if and only if each 
element of H is a S,s companion for a Sys pseudo-automorphism of (Gu,-). 


Proof 
This is an immediate consequence of Corollary 3.4. 


Remark 3.2 Every Bol loop is a SynaBL. Most of the results on isotopy of Bol loops in 
chapter 3 of [19] can easily be deduced from the results in this paper by simply forcing H to 
be equal to G. 
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